Background: The triaxiality in nuclear low-lying states has attracted great interests for many years. Recently, the reduced transition probabilities for levels near the ground state in 110 Ru have been measured and provided strong evidences for a triaxial shape of this nucleus.
I. INTRODUCTION
The triaxial deformation in atomic nucleus is related to many interesting phenomena, such as the wobbling motion [1] and nuclear chirality [2, 3] . The observation of chiral doublet bands [4] and wobbling bands [5] provides direct evidences for the existence of triaxial deformation. Recently, not only the static triaxial deformation, but also the triaxial shape transition along e.g., the increasing neutron numbers, have attracted a lot of attentions [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
Due to the subtle interplay between single-particle and collective degrees of freedom, the evolution of the triaxiality in the A ∼ 100 mass region has been a hot topic for years; one of the examples is the Ruthenium isotopes. In the past decades, lots of experimental and theoretical efforts have been reported. In 1980s, the multiple Coulomb excitation experiments for 104 Ru which is the heaviest stable Ru isotope have suggested a phase transition from spherical to a soft triaxial rotor rather than to an axially symmetric rotor with increasing neutron number in Ru isotopes [16] . Later, through the β decays of Tc isotopes, the low-lying collective structures of 106,108 Ru [17] , and 110,112 Ru [18] have been studied, which suggested the importance of triaxial deformation in all these nuclei and demonstrated a trend of increasing triaxial rigidity with more neutrons. Furthermore, the high-spin structures in these neutron-rich Ru iso- * Electronic address: zpliphy@swu.edu.cn topes have been extensively studied by the fusion-fission reactions [19] and the spontaneous fissions of 248 Cm [20] and 252 Cf [21, 22] . In Ref. [22] , a pair of ∆I = 1 negative parity doublet bands were observed in 110 Ru and 112 Ru. They were interpreted as soft chiral vibrations. Very recently, a multi-step Coulomb excitation measurement following the post-acceleration of an unstable 110 Ru beam was performed and the newly measured reduced transition probabilities provided a direct evidence for a relatively rigid triaxial shape near the ground state in 110 Ru [23] .
Theoretically, various methods [15, [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] have been devoted to investigate the evolution of the triaxiality in Ru isotopes. Using the macroscopic-microscopic finiterange liquid-drop model (FRLDM), Möller et al., have identified 108 Ru as having the largest effects of triaxial deformation, ∼ 0.7 MeV, on the ground-state energy [24, 25] . In the interacting boson model (IBM), the γ-soft behaviors are found for the Ru isotopes around A ∼ 100, but no candidates for a triaxial ground state are found [26, 27] . Within the framework of cranked shell model (CSM) with nonaxial deformed Woods-Saxon potential, the ground states of 108, 110, 112 Ru are found to be triaxial, and 112 Ru is the softest in γ direction. It is also found that the ground state of 114 Ru is oblate [28] . The potential energy surfaces (PESs) obtained from the Skyrme Hartree-Fock calculations show triaxial shapes for the ground states of 108−114 Ru, which become more rigid with increasing neutron number [29] . While the PESs obtained from the Hartree-Fock-Bogoliubov (HFB) with Gogny functional D1M predict triaxial ground state shapes for 104−114 Ru, and the γ-soft behaviors are found, in which 104 Ru is the softest in the γ direction [15] . In Ref. [31] , a prolate-triaxial-oblate shape transition is found for the isotopes 96−112 Ru by the relativistic Hartree-Bogoliubov (RHB) calculations with DD-PC1 and DD-ME2; the ground states of 110, 112 Ru are oblate with clearly triaxial softness. The recent investigation of band structures in 108,110,112 Ru with two complementary theoretical models, cranked Hartree-FockBogoliubov (CHFB) method with density functional UN-EDF0 and triaxial projected shell model (TPSM), concludes that the high-spin behavior in 108,110,112 Ru consists with triaxial rotation while the obtained triaxial minima are fairly shallow [32] . Very recently, the band structures in these even Ru isotopes was also investigated in the framework of the effective field theory [33] .
In spite of numerous efforts, it is clear that more studies are still necessary to draw an unambiguous conclusion on the detail of triaxial shape transition in neutron-rich Ru isotopes. On the other hand, the increasing data in this mass region accumulated by the modern experimental techniques could provide the stringent examination for various theoretical models.
The microscopic density functional theory (DFT), which starts from an effective nucleon-nucleon interaction and self-consistently determines the nuclear mean-field by all the independent particles inside, has achieved a lot of successes in describing the properties for both the nuclear ground states and excitation states. The covariant DFT (CDFT) [34] [35] [36] [37] [38] embeds the fundamental Lorentz invariance from the very beginning and naturally includes the spin-orbit interaction [39] [40] [41] [42] , which proves to be a successful theory used over the whole nuclide chart, from relatively light systems to superheavy nuclei [36, [43] [44] [45] [46] , from the valley of β stability to the drip lines [36, [47] [48] [49] [50] , and from collective rotations to collective vibrations [51] [52] [53] [54] [55] [56] [57] [58] . One of the most successful density functionals is PC-PK1 [45] , which could provide a good description for the isospin dependence of nuclear properties, such as mass [45, 59] , quadrupole moments [60] , etc.
To take into account the beyond mean-field effects and describe the low-lying states, in the past few years, the five-dimensional collective Hamiltonian based on CDFT (5DCH-CDFT) has been developed [61] [62] [63] and achieved great success as for nuclei ranging from light to superheavy mass regions [64] , including the spherical [65, 66] , transitional [8, 11, 14, [67] [68] [69] [70] [71] , and welldeformed [61, 62, 72] ones. The approach of collective Hamiltonian has also been applied to the chiral [73, 74] and wobbling [74] [75] [76] motions. In the A ∼ 100 mass region, the triaxial structures in the Mo isotopes, the neighbouring even element of Ru, and the N = 60 isotones have been investigated with the 5DCH-CDFT [14] . It is found that the evolution of nuclear collectivity is governed by novel triaxial structure that the triaxiality serves as a tunnel from the weakly deformed oblate shape to the largely deformed prolate shape [14] .
To provide a new survey on the shape transitions in Ru isotopes and a microscopic description on the recent experimental data, in this paper we present the 5DCH-CDFT studies to the even-even 100−114 Ru isotopes based on the density functional PC-PK1. A systematic analysis that includes collective potential energy surfaces, lowenergy collective spectra, electric transition rates, γ band staggerings, and collective wave functions are carried out.
II. THEORETICAL FRAMEWORK
The detailed formalism of the 5DCH has been presented in a number of literatures, see, e.g. Refs. [61, 77, 78] . For completeness, a brief introduction is presented here. The 5DCH, which could simultaneously treat the quadrupole vibrational and rotational excitations, is expressed in terms of the two deformation parameters β and γ, and three Euler angles (φ, θ, ψ) ≡ Ω that define the orientation of the intrinsic principal axes in the laboratory frame,
The three terms inĤ coll (β, γ) are the vibrational kinetic energŷ
the rotational kinetic energŷ
and the collective potential V coll , respectively. Here,Ĵ k denote the components of the total angular momentum in the body-fixed frame, and both the mass parameters B ββ , B βγ , B γγ and the moments of inertia I k depend on the quadrupole deformation variables β and γ. Two additional quantities that appear in theT vib term, r = B 1 B 2 B 3 and w = B ββ B γγ − B 2 βγ , determine the volume element in the collective space.
The eigenvalue problem of the Hamiltonian (1) is solved using an expansion of eigenfunctions in terms of a complete set of basis functions that depend on the five collective coordinates β, γ and Ω (φ, θ, ψ) [61] . Using the collective wave functions thus obtained
various observables such as the E2 transition probabilities can be calculated, whereM (E2) is the electric quadrupole operator.
In the framework of 5DCH-CDFT, the collective parameters of 5DCH, including the mass parameters B ββ , B βγ , and B γγ , the moments of inertia I k , and the collective potential V coll , are all determined microscopically from the constrained triaxial CDFT calculations. The moments of inertia are calculated with Inglis-Belyaev formula [79, 80] and the mass parameters with the cranking approximation [81] . The collective potential V coll is obtained by subtracting the zero-point energy corrections [81] from the total energy that corresponds to the solution of constrained triaxial CDFT. Detailed formalism can be found in Ref. [61] .
III. RESULTS AND DISCUSSION
In the present work, we are focusing on the even Ru isotopes with the neutron number from N = 54 to 70. To determine the collective parameters in the 5DCH, we perform the constrained triaxial CDFT calculations; the pairing correlations are treated with the BCS method. In the particle-hole channel, the point-coupling density functional PC-PK1 [45] is used, and a densityindependent δ-force is used in the particle-particle channel. The strength parameter of the δ-force is 349.5 MeV fm 3 (330.0 MeV fm 3 ) for neutrons (protons) [45] . The Dirac equation is solved by expanding the Dirac spinor in terms of the three dimensional harmonic oscillator basis with 12 major shells.
A. Potential energy surfaces and binding energies Figure 1 displays the PESs of even-even 100−114 Ru isotopes in the β-γ plane. The quadrupole deformations (β, γ) that correspond to the global minima are listed in Table I , so are the energy differences of ∆E tri . In the following, we denote this energy difference as the triaxial deformation energy. The ∆E tri is defined as the energy difference of the global minimum with respect to the lowest energy under axial symmetry. Starting from the nearly prolate 100 Ru, where the global minimum locates at (0.22, 4
• ), a considerable triaxial deformation, γ = 19
• , is predicted in the global minimum of 102 Ru with only two more neutrons. The PES of 102 Ru is rather soft along γ direction with |∆E tri | = 0.324 MeV. The patterns of the PESs in 104,106 Ru are similar with remarkable triaxiality, γ > 20
• and |∆E tri | > 0. • ), respectively. The PESs of these four nuclei are very flat along γ direction towards the oblate side but relatively rigid towards the prolate one. It is also noted that a local spherical minimum emerges in 114 Ru.
As mentioned above, similar topograghy of the PESs in Ru isotopes have also been obtained in the studies based on the RHB with density functionals DD-ME2 and DD-PC1 [31] , and the HFB with Gogny-D1M density functional [15] . Some differences can be found in the exact locations of the equilibrium triaxial minima and the corresponding triaxial deformation energies. The ground states of 110, 112 Ru are oblate in the RHB calculations with both DD-ME2 and DD-PC1 functionals [31] . In the HFB calculation with Gogny-D1M, only 104−108 Ru are triaxial deformed at ground states. The shape coexis- [82, 83] .
tence in
114 Ru is also not observed in the HFB calculation [15] .
In Figs. 2(a) and 2(b), we compare the theoretical binding energies and two-neutron separation energies calculated by the triaxial CDFT and the 5DCH to the experimental data for Ru isotopes. For the mean-field calculations, the deviations of the binding energies from the data are in 2.0 ∼ 3.5 MeV. It is remarkable that the deviations are reduced to be within 1.6 MeV by considering the dynamical correlations associated with rotational motion and quadrupole shape vibrational motion in the 5DCH calculations. This is consistent with a global study of dynamic correlation energies (DCEs) for 575 even-even nuclei by using the 5DCH based on the PC-PK1 functional [87, 88] . In the global study in Refs. [87, 88] , after taking into account these DCEs, the root-mean-square deviation of the nuclear masses is reduced significantly from 2.52 to 1.14 MeV [88] . The description of twoneutron separation energies is slightly modified by the 5DCH; both the mean-field and 5DCH results are in good agreement with the data.
In Figs as functions of mass number in Ru isotopes are shown. The charge radii calculated by CDFT are in good agreement with available data and increase smoothly with mass number. Similar results are obtained by 5DCH, but slightly larger than those of CDFT because of the beyond-mean-field effect [78] . The theoretical isotope shifts decrease gradually as the mass number increases, that is the increasing trend of charge radii becomes slow because of the saturation of quadrupole deformations (c.f. Fig. 1 and Table I ).
B. Low-energy collective spectra
Starting from constrained self-consistent solutions, the collective parameters that determine 5DCH are calculated as functions of the deformation parameters β and γ. The diagonalization of the resulting Hamiltonian yields the excitation energies and collective wave functions. Figure 3 displays the collective excitation spectra, including the ground-state bands and γ bands, in the eveneven 100−114 Ru isotopes calculated by the 5DCH-CDFT, in comparison with the available experimental data. The intraband and interband B(E2) values are also shown in the figure. It is noted that the inertia parameters in the present study are calculated by the Inglis-Byleav formula, which do not include the Thouless-Valatin dynamical rearrangement contributions and, thus would systematically underestimate the empirical values. As illustrated in Ref. [89] , the Thouless-Valatin corrections are almost independent on deformation and, therefore, for a given nucleus the effective moment of inertia used in the collective Hamiltonian can simply be obtained by renormalizing the Inglis-Byleav values with a constant factor, which is determined by reproducing the excitation energy of the 2 + 1 state [61] . The levels are grouped into ground-state bands (labeled as g.s.) and γ bands (labeled as γ) according to the predominant K components and dominant decay patterns. For the stable nuclei 100,102 Ru, the 5DCH calculations can reproduce the collective structure although the theoretical spectra are stretched and the intraband transitions are generally larger. This may be due to the overestimation of the collectivity of these two isotopes in the calculations. Starting from 104 Ru, the 5DCH calculations are in very good agreement with the experimental data for both excitation energies and transition rates. In particular, the signatures of the triaxiality including the low-lying γ bandhead, the enhanced interband transitions between the γ band and ground-state band, the γ band staggerings (c.f. Fig. 6 ), and the rela- 57.9 (11) 55 (6) 2.8 (5) 83 (9) 1 44.6 (7) 32 (5) 1.14 (15) 66 (11) 68 (25) 56 (19) 57 ( 67 (5) 7. 4 ( 3) 94 (10) 121 ( a In the present work, the data for 104 Ru are taken from the evaluated database in National Nuclear Data Center (NNDC) [84] , while in Ref. [14] we used the data from [http: //ie.lbl.gov/TOI2003/index.asp.]. 67 (5) 7. 4 ( 3) 94 (10) 121 (30) 146 The energy spectra for 110 Ru calculated by 5DCH-CDFT with PC-PK1 [45] and DD-PC1 [85] , in comparison with the available mapped IBM results [15] and experimental data [23, 84] . In the calculation with DD-PC1, a separable pairing [86] is adopted. ) values (in W.u.) with mass number for Ru isotopes calculated by 5DCH-CDFT, in comparison with the available data [23, 84] and theoretical results from mapped IBM [15] . [90] , are all reproduced very well.
Very recently, the reduced transition probabilities obtained for levels near the ground state of 110 Ru have been measured and provided strong evidences for a triaxial shape of this nucleus [23] . As seen in Fig. 4 , the measured intraband and interband B(E2) values of 110 Ru are consistent with our 5DCH calculations with both PC-PK1 [45] and DD-PC1 [85] functionals, and also the mapped IBM calculation [15] . It should be emphasized that in the 5DCH model, the transition probabilities are calculated in a full configuration space and there are no effective charges used. Therefore, the agreements between the present calculations and experimental data are very remarkable. Moreover, the excitation energies predicted by both PC-PK1 and DD-PC1 functionals are also in very good agreement with the data. Combining the calculated PES, low-energy spectrum, and E2 transition rates of 110 Ru, the triaxiality near the ground state of 110 Ru is further supported. ) values vary from ∼ 2.3 to ∼ 2.7, indicating that the Ru isotopes locate in a transitional region. However, for 100,102 Ru, the theoretical results calculated by both the 5DCH and the mapped IBM are too large. This is probably because both calculations overestimate the collectivity of these nuclei. For heavier isotopes, the experimental values of E(4 ) by the 5DCH are in a reasonable agreement with the data, and the possible triaxial deformation is predicted to start from 106 Ru. This is similar to the calculations from the mapped IBM, but for 100,102 Ru, the mapped IBM overestimates the data significantly. This is due to the fact that the IBM model space, comprising only a finite number of s and d bosons, is not large enough to describe the energy levels near the closed shell [15] . The comparison of B(E2; 2 + g.s. → 0 + g.s. ) among the 5DCH, the mapped IBM [15] and the experimental data are shown in Fig. 5 (c) . The experimental B(E2; 2 + g.s. → 0 + g.s. ) increases gradually till A = 106 and saturates for heavier isotopes. Without any effective charges, the 5DCH can reproduce the experimental data very well, except for A ≥ 110, where the theoretical results decrease with mass number. On the other hand, the results from the mapped IBM are overall smaller than the data.
The γ band staggering parameter
is an indicator of the triaxial softness/rigidness [91] . For a nucleus with a deformed γ-soft potential, S(I) oscillates between negative values for even-spin states and positive values for odd-spin states, with the magnitude slowly increasing with spin. For a triaxial potential, the level clustering in the γ band is opposite, and S(I) oscillates between positive values for even-spin states and negative values for odd-spin states. In this case, the magnitude of S(I) increases more rapidly with spin, as compared to the γ-soft potential [92] .
In Fig. 6 , we plot the theoretical γ band staggering parameters S(I) for Ru isotopes, in comparison with the available experimental data. In general, the experimental staggering parameters are well reproduced by the 5DCH calculations, in particular for low spins. For the isotopes 100−104 Ru, the γ band staggering parameters S(I) present as the cases with deformed γ-soft potentials, namely oscillating between negative values for even-spin states and positive values for odd-spin states. The deviation for the high spin states in 100 Ru may be because the calculated PES is too stiff in the γ direction around the global minimum (c.f. Fig. 1 ). Moving to 106 Ru, the phase of S(I) at low spins is same to the case of γ-soft potential but inverses for I ≥ 8h. Therefore, it could be a transitional nucleus from γ-soft to triaxial deformed shape along increasing isospin. The nucleus 108 Ru has a γ-soft potential according to the experimental S(I), while the calculated S(I) demonstrates that this nucleus is similar to the neighboring 106 Ru as a transitional nucleus. The model probably overestimates the triaxiality of 108 Ru, which is also reflected in the too low γ bandhead 2 + γ and too large interband B(E2; 2 Fig. 3(e) . For 110 Ru, although the S(4) is negative and S(5) is positive, both of them are very close to zero. When I ≥ 6h, the S(I) becomes negative for odd-spins and positive for even-spins, and considerable oscillation amplitudes are also observed. Thus, 110 Ru is close to the case of γ-rigid shape [90] . Remarkable oscillations of S(I) are observed in 112,114 Ru, indicating that they are triaxiality deformed.
The mixing of different intrinsic configurations in the state |αI can be demonstrated from the distribution of K, the projection of angular momentum I on the third axis in the body-fixed frame: Ru, the K = 0 components are predominant in the wave functions for the yrast states, whereas the states comprising γ bands are dominated by the K = 2 components. The mixing of K = 0 and K = 2 components is small for low-spin states, and thus the states are dominated by the prolate configures (c.f. Fig. 8 ). For the higher spin states, the mixing of K components is much stronger, indicating that the triaxial degree of freedom plays an important role in these states. For 110,112 Ru, the mixing of K components becomes remarkable for all the states and it is also notable that the K > 2 components are pronounced in the γ bands. This is strongly correlated to the triaxial deformed potentials of these isotopes (c.f. Fig. 1 ) and also consistent with the oscillation behavior of S(I) in Fig. 6 .
The density distribution of the collective state, which takes the following form,
with the normalization 
could give a further insight into the shape evolution with spin and isospin. Here, taking 100 Ru, 104 Ru, 110 Ru, and 112 Ru as examples, the density distributions for the 0 • ∼ 40
• , which demonstrates the importance of the triaxial degree of freedom in this mass region of Ru isotopes.
IV. SUMMARY
In this work, we have presented a microscopic and systematic beyond mean-field investigation for the lowlying states in the Ru isotopes around A ∼ 100 mass region. The excitation energies and transition strengths calculated from a five-dimensional collective Hamiltonian with parameters determined from the constrained triaxial CDFT calculations with PC-PK1 functional reproduce the available data well. The microscopic potential energy surfaces exhibit transitions with increasing neutron number: from prolate 100 Ru to triaxial 114 Ru. The low-energy spectra, interband transition rates between the γ band and the ground-state band, collective wave functions, as well as characteristic collective observables E(4 
